There is a well-established homotopy theory of simplicial objects in a Grothendieck topos, and folklore says that the weak equivalences are axiomatisable in the geometric fragment of L ω 1 ,ω . We show that it is in fact a theory of presheaf type, i.e. classified by a presheaf topos. As a corollary, we obtain a new proof of the fact that the local Kan fibrations of simplicial presheaves that are local weak homotopy equivalences are precisely the morphisms with the expected local lifting property.
Introduction
It has long been suggested that the proper setting for non-abelian sheaf cohomology should be some kind of category of "sheaves" of homotopy types. The first concrete construction of such a category was perhaps given by Brown [1973] : in op. cit., he defines the notion of a 'category of fibrant objects' and mentions that sheaves (on a topological space) of Kan complexes constitute such a category. As with the definition of 'sheaf of local rings', we must interpret Kan's extension condition locally; and in the case of sheaves on a topological space, 'locally' means the same thing as 'stalkwise'.
The logical next step was taken by Jardine [1986] , who showed that there is a category of fibrant objects consisting of locally fibrant simplicial sheaves on a Grothendieck site. In some sense, this development was anticipated by van Osdol [1977] , but Jardine avoided using the embedding theorem of Barr [1971] and instead gave direct proofs of the required properties. Jardine [1987] then observed that the resulting homotopy theory could be transferred to the category of locally fibrant simplicial presheaves. This, as Dugger, Hollander and Isaksen [2004] explained, should be regarded as a step toward the notion of homotopy-coherent "sheaf" of spaces.
In this paper, we re-examine the above-mentioned results through the lens of category-theoretic logic. This will hopefully shed some light on the status of the homotopy theory of simplicial sets in constructive mathematics. The structure of the paper is as follows:
• In §1, we show that the category of internal Kan complexes in any regular category is a category of fibrant objects (in the sense of Brown, as mentioned above), generalising the result of Jardine [1986] .
• In §2, we construct an internal version of Kan's Ex ∞ functor and use it to define 'weak equivalence' for general simplicial objects in a σ-pretopos.
• In §3, we prove that weak equivalences of simplicial sheaves are classified by a presheaf topos. At first glance, this may seem to be a simple corollary of a theorem of Raptis and Rosický [2014] , but there some subtleties in showing that the morphisms classified by the obvious construction do indeed coincide with the weak equivalences previously defined.
• In §4, we use the classifying topos for weak homotopy equivalences to obtain some additional results: in particular, we will see that a morphism is an internal Kan fibration and a internal weak homotopy equivalence if and only if it has the internal lifting property analogous to the wellknown one for trivial Kan fibrations of simplicial sets.
• In §5, we apply the above results to Jardine's local homotopy theory of simplicial presheaves.
We will often use a completeness theorem of one kind or another to transfer results from the classical homotopy theory of simplicial sets to more general settings. Proofs using such techniques will be marked with ♦. Familiarity with basic topos theory is assumed from §3 onward; standard references include [ML-M, Ch. II, VII, and X] and [Johnstone, 2002b , Part C, § §2.1-2.3; Part D, §3.1]. Astute readers may notice that model structures do not make any appearance here. This is partly because weak factorisation systems do not have the expected properties in constructive settings: indeed, the well-known fact that the left class of a weak factorisation system is closed under all coproducts turns out to be equivalent to the axiom of choice. (Consider the weak factorisation system cofibrantly generated by 0 → 1.) That is not to say that model structures cannot exist: after all, model categories of simplicial (pre)sheaves have been constructed by Brown and Gersten [1973] , Joyal [1984] , and Jardine [1987] . Rather, what the observation suggests is that the classical Kan-Quillen model structure cannot be internalised -and at any rate, an internal model structure is not what we want.
Proof. This is just a diagram chase.
It will be convenient to borrow a concept from enriched category theory: Definition 1.3. Let C be a locally small category and let W : J → Set be a functor. A W -weighted limit of a diagram X : J → C is an object {W, X} equipped with bijections
that are natural in T .
Remark 1.4. Let C be a locally small category, let W : J → Set be a functor, and let X : J → C be a diagram. If W is a representable functor, say W = J (j, −), then the weighted limit {W, X} exists and is naturally isomorphic to the object Xj. More generally, if W ∼ = lim ← −I J (F, −) for some diagram F : I → J and C has limits for diagrams of shape I, then the weighted limit {W, X} exists and is naturally isomorphic to the limit lim ← −I XF .
Example 1.5. Let C be a locally small category with finite limits. Given a simplicial object X : ∆ op → C, the weighted limit {∂∆ n , X} exists and can be identified with the n-th matching object of X. Thus, we may regard weighted limits as generalised matching objects.
Given a category C, let sC be the category of simplicial objects in C. Definition 1.6. An internal Kan fibration (resp. internal trivial Kan fibration) in a regular category S is a morphism p : X → Y in sS with the following property:
, then the square in the diagram below is a weak pullback square in S:
Remark 1.7. If S = Set, then an internal Kan fibration is just a Kan fibration in the usual sense, by lemma 1.2. If S = [C op , Set] for a small category C, then an internal Kan fibration in S is the same thing as a componentwise Kan fibration, because limits and colimits in [C op , Set] are computed componentwise. And if S = Sh(C, J) for a small Grothendieck site (C, J ), then an internal Kan fibration in S is precisely a fibration of simplicial sheaves in the sense of Jardine [1986] . Definition 1.8. An internal Kan complex in a regular category S is an object X in sS such that the unique morphism X → 1 in sS is an internal Kan fibration. We write Kan(S) for the full subcategory of sS spanned by the internal Kan complexes in S.
For our purposes, it is most convenient to define weak homotopy equivalences in terms of an internal lifting property. Let D n+1 be the simplicial set defined by the following pushout diagram in sSet,
be the morphisms obtained by composing with q :
Definition 1.9. A Dugger-Isaksen weak equivalence in a regular category S is a morphism f : X → Y in Kan(S) such that the morphism
is a regular epimorphism in S.
Remark 1.10. In the case S = Set, a Dugger-Isaksen weak equivalence is a morphism f : X → Y in Kan with the following generalised right lifting property: given a commutative diagram of the form below,
In other words, every n-simplex of Y whose boundary admits a lift to X is homotopic (rel. ∂∆ n ) to an n-simplex in the image of f : X → Y .
Theorem 1.11. Let f : X → Y be a morphism of Kan complexes in Set. The following are equivalent:
(ii) f : X → Y is a Dugger-Isaksen weak equivalence.
Proof. See Proposition 4.1 in .
It is clear that the property of being an internal Kan fibration, internal trivial Kan fibration, or Dugger-Isaksen weak equivalence is preserved by regular functors and is reflected by conservative regular functors. To transfer results from the classical setting of Kan complexes in Set to the general setting of internal Kan complexes in any regular category, we follow van Osdol [1977] in using the classical completeness theorem for regular logic: Theorem 1.12 (Barr) . For each small regular category C, there exist a set B and a conservative regular functor C → Set B .
Proof. See Theorem 1.6 in [Barr, 1971, Ch. III] or Corollary 1.5.4 in [Johnstone, 2002b, Part D] .
Definition 1.13. Let Z be a simplicial set and let X be a simplicial object in a locally small category C. A cotensor product Z ⋔ X is a simplicial object in C equipped with bijections
that are natural in n and T .
Remark 1.14. If C has finite limits and Z is a finite simplicial set, then Z ⋔ X exists for all simplicial objects X. Furthermore, there is a simplicial enrichment of sC such that the cotensor products defined above have the well-known enriched universal property.
Lemma 1.15. Let X be an internal Kan complex in a regular category S.
(i) For all finite simplicial sets Z, the cotensor product Z ⋔ X is also an internal Kan complex.
(ii) If g : Z → W is a monomorphism of finite simplicial sets, then the induced morphism g ⋔ id X : W ⋔ X → Z ⋔ X is an internal Kan fibration.
(iii) If g : Z → W is an anodyne extension of finite simplicial sets, then the induced morphism g ⋔ id X : W ⋔ X → Z ⋔ X is an internal trivial Kan fibration.
Proof. Use theorem 1.12 to reduce to the case where S = Set. ♦ Corollary 1.16 (Internal path spaces). Let S be a regular category and let X be an internal Kan complex in S.
(ii) The morphism
Theorem 1.17. Let S be a regular category.
(i) The class of Dugger-Isaksen weak equivalences has the 2-out-of-3 property and is closed under retracts in Kan(S).
(ii) An internal Kan fibration of internal Kan complexes in S is an internal trivial Kan fibration if and only if it is also a Dugger-Isaksen weak equivalence.
(iii) Kan(S) is a category of fibrant objects [1] where the fibrations are the internal Kan fibrations and the weak equivalences are the Dugger-Isaksen weak equivalences.
Proof. Use theorem 1.12 to reduce to the case where S = Set. ♦
We have so far avoided discussing homotopy groups for internal Kan complexes. This is because they need not exist in a general regular category: clearly, if we are able to take quotients of internal equivalence relations, then we can construct π 0 ; and conversely, because internal equivalence relations define internal Kan complexes, being able to construct π 0 implies we can take quotients of internal equivalence relations. This suggests that the right setting for these constructions is an effective regular category. [1] -in the sense of Brown [1973] .
[2] -also known as 'exact category in the sense of Barr'. Proposition 1.18. Let S be an effective regular category and let (−) 0 : Kan(S) → S be the functor X → X 0 .
(i) The functor (−) 0 : Kan(S) → S has a left adjoint, disc : S → Kan(S).
(ii) The functor disc : S → Kan(S) has a left adjoint, π 0 : Kan(S) → S.
(iii) Regular functors (between effective regular categories) commute with π 0 .
Proof. (i). Let disc X be the constant simplicial object on X. Since the face and degeneracy operators of disc X are isomorphisms, the morphisms {∆ n , disc X} → {Λ n k , disc X} induced by the horn inclusions Λ n k ֒→ ∆ n must also be isomorphisms (and regular epimorphisms a fortiori ).
(ii). We define the functor π 0 : Kan(S) → S by the following coequaliser diagram:
It is straightforward to verify that π 0 : Kan(S) → S is indeed a left adjoint for disc : S → Kan(S).
(iii). Since π 0 is the quotient of an internal equivalence relation constructed by image factorisation, it is preserved by all regular functors.
Definition 1.19. Let n be a positive integer and let X be an internal Kan complex in an effective regular category S.
• The internal based n-loop fibration on X is the internal Kan fibration Ω n (X) → X defined by the following pullback diagram in Kan(S),
• Let x be a morphism disc T → X in Kan(S). The internal based n-loop space of (X, x) is the internal Kan complex Ω n (X, x) in S /T defined by the following pullback diagram in Kan(S):
The internal n-th homotopy group of (X, x) is the object π n (X,
Remark 1.20. It is clear that the above constructions are functorial. Moreover, π n (X, x) admits a natural internal group structure (in S /T ); but we do not need this fact.
Theorem 1.21. Let S be an effective regular category and let f : X → Y be a morphism in Kan(S). The following are equivalent:
(ii) π 0 f : π 0 X → π 0 Y is an isomorphism in S and, for all positive integers n, all objects T in S, and all morphisms
Proof. Use theorems 1.11 and 1.12. ♦ Corollary 1.22. Let (C, J) be a small Grothendieck site and let S = Sh(C, J).
Then the weak equivalences in Kan(S) are precisely the weak equivalences in the sense of Jardine [1986] , i.e. the morphisms that induce isomorphisms of π 0 and all sheaves of homotopy groups.
Remark 1.23. It should be emphasised that the weak equivalences in Kan(S) really are weak equivalences: Bezem and Coquand [2013] have constructed a pair of internal Kan complexes in the presheaf topos S = [3, Set] that are weakly homotopy equivalent (by virtue of being the two canonical fibres of an internal Kan fibration over the internal version of ∆ 1 ) but not homotopy equivalent.
Internal fibrant replacement
Let P n be the partially ordered set of non-empty subsets of [n] and, for each monotone map f : [n] → [m], let f * : P n → P m be the map induced by taking images. Taking nerves, this defines a functor N(P • ) : ∆ → sSet. Note that there is a natural surjective monotone map max :
, each with a canonical (but not natural!) splitting, so we get a natural transformation N(max) : N(P • ) ⇒ ∆ • whose components are split epimorphisms.
Definition 2.1. Let S be a locally small category with finite limits. An extension of a simplicial object X in S is a simplicial object Ex(X) equipped with bijections
that are natural in both n and T . The canonical embedding i X : X → Ex(X) is the one induced by the natural transformation N(max) :
Remark 2.2. In other words, Ex(X) n is the weighted limit {N(P n ), X}; in particular, Ex(X) exists because S has finite weighted limits and each N(P n ) is a finite simplicial set. Note that Ex(X) is unique up to unique isomorphism, so we obtain a functor Ex : sS → sS; and the canonical embeddings constitute a natural transformation i : id sS ⇒ Ex.
Lemma 2.3. Let X be a simplicial object in a regular category S. Consider the following pullback diagram in S,
where the morphism
Proof. In the case where S = Set, the claim is a reformulation of a well-known fact, [3] namely the fact that every morphism Λ n k → Ex(X) in sSet fits into a commutative diagram of the form below:
For the general case, we appeal to theorem 1.12. ♦ Lemma 2.4. Let S be a regular category. The functor Ex : sS → sS preserves internal Kan fibrations. In particular, it preserves internal Kan complexes.
[3] See Lemma 3.2 in [Kan, 1957] or Lemma 4.7 in [GJ, Ch. III] .
Proof. By theorem 1.12, it suffices to prove the claim in the case where S = Set, which is well known.
[4] ♦ Lemma 2.5. For any internal Kan complex X in a regular category S, the canonical embedding i X : X → Ex(X) is a Dugger-Isaksen weak equivalence.
[5]
♦ ¶ 2.6. Let S be a locally small category with limits for finite diagrams and colimits for ω-sequences. For each simplicial object X in S, we define Ex ∞ (X) to be the colimit of the diagram below:
The above defines a functor Ex ∞ : sS → sS and a natural transformation
Lemma 2.7. Let S be a regular category with colimits for ω-sequences. If lim − → : [ω, S] → S preserves finite limits, then the following classes of morphisms are closed under colimits for ω-sequences in sS:
• The class of internal Kan fibrations of simplicial objects in S.
• The class of internal trivial Kan fibrations of simplicial objects in S.
• The class of Dugger-Isaksen weak equivalences of internal Kan complexes in S.
Proof. Colimits commute with colimits, so lim − → : [ω, S] → S always preserves regular epimorphisms. Thus, the hypothesis implies lim − → : [ω, S] → S is a regular functor. On the other hand, the functor [ω, S] → [ob ω, S] induced by restriction along the inclusion ob ω ֒→ ω is a conservative regular functor, so the internal Kan fibrations (resp. internal trivial Kan fibrations, Dugger-Isaksen weak equivalences) in [ω, S] are just the componentwise ones. Thus, the indicated classes of morphisms in sS are closed under colimits for ω-sequences. (i) The functor Ex ∞ : sS → sS preserves finite limits and internal Kan fibrations.
(ii) For any simplicial object X in S, the simplicial object Ex ∞ (X) is an internal Kan complex.
[4] See Lemma 3.4 in [Kan, 1957] or Lemma 4.5 in [GJ, Ch. III] .
[5] See Lemma 3.7 in [Kan, 1957] or Theorem 4.6 in [GJ, Ch. III] .
(iii) For any internal Kan complex X in S, the morphism i
Proof. (i). It is clear that Ex : sS → sS preserves finite limits, and by hypothesis, lim − → : [ω, S] → S also preserves finite limits, so the same is true for Ex ∞ : sS → sS. The preservation of internal Kan fibrations is a consequence of lemmas 2.4 and 2.7.
(ii). If lim − → : [ω, S] → S preserves finite limits, then for any finite simplicial set Z, the functor {Z, −} : sS → S preserves colimits for ω-sequences. In particular, we have a commutative diagram of the form below,
where the horizontal arrows are the canonical comparisons and the vertical arrows are induced by the horn inclusion Λ n k ֒→ ∆ n . Lemma 2.3 gives us the following pullback square in S,
is a regular epimorphism in S. It is easy to see that
} is indeed a regular epimorphism in S, as required.
(iii). Theorem 1.17 and lemma 2.5 imply that the composite morphism
is a Dugger-Isaksen weak equivalence, and since i
is a colimit for the ω-sequence of these composites, we may apply lemma 2.7 to deduce that it is also a Dugger-Isaksen weak equivalence.
Following a suggestion of Quillen [1967, Ch. II, Introduction] , we can define 'weak homotopy equivalence' using Kan's Ex ∞ functor to replace simplicial objects with internal Kan complexes. For reasons that will become clear in the next section, we will only make this definition when the base category is sufficiently well behaved. Definition 2.9. A σ-pretopos is a category C with these properties:
• C is an effective regular category.
• C has coproducts for countable families of objects, and these are moreover disjoint and pullback-stable.
Remark 2.10. By Theorem 5.15 in [Shulman, 2012] , a σ-pretopos in the sense above is automatically σ-coherent; hence, this definition agrees with the one given by Johnstone [2002a, Part A, §1.4 ].
Remark 2.11. A σ-pretopos has coequalisers for all parallel pairs: see Lemma 1.4.19 in [Johnstone, 2002a, Part A] . Thus, σ-pretoposes have colimits for all countable diagrams. Similarly, by Lemma 2.5.7 in op. cit., a σ-coherent functor preserves colimits for countable diagrams. Thus, by embedding a (small) σ-pretopos in the topos of sheaves for the σ-coherent topology, we find that colimits for ω-sequences in a σ-pretopos commute with finite limits, as required in the hypothesis of theorem 2.8. (See also Proposition 5.1.8 in [Johnstone, 2002b, Part D] .) Definition 2.12. A Kan weak equivalence of simplicial objects in a σ-pretopos S is a morphism f : X → Y in sS such that the induced morphism
Remark 2.13. Recalling the 2-out-of-3 property of Dugger-Isaksen weak equivalences, theorem 2.8 implies that the Kan weak equivalences of internal Kan complexes are precisely the Dugger-Isaksen weak equivalences.
To compare Kan weak equivalences of simplicial sets with weak homotopy equivalences in the usual sense, we require the following result:
Lemma 2.14. For any simplicial set X, the canonical embedding i ∞ X : X → Ex ∞ (X) is a weak homotopy equivalence.
Proof. See Lemma 6.5 in [Kan, 1957] Unfortunately, as the construction of Ex ∞ involves infinite colimits, we cannot apply the classical completeness theorem for regular logic to transfer results from Set to more general settings. Instead, we must use more subtle machinery.
Weak homotopy equivalences
Recall the following results:
Theorem 3.1 (Raptis-Rosický). Let sSet be the category of simplicial sets, let [2, sSet] be the category of morphisms, and let W be the full subcategory of [2, sSet] spanned by the weak homotopy equivalences.
(i) W is closed under filtered colimits in [2, sSet].
(ii) The weak homotopy equivalences of finite simplicial sets constitute an essentially small solution set for the inclusion W ֒→ [2, sSet].
(iii) W is a finitely accessible category, and the inclusion W ֒→ [2, sSet] preserves finitely presentable objects.
Proof. See Theorem A in [Raptis and Rosický, 2014] .
Theorem 3.2 (Makkai-Paré). Let C be a finitely accessible category, let K(C) be the full subcategory of finitely presentable objects in C, and let
Then C is equivalent to the full subcategory of [B, Set] spanned by those functors B → Set that preserve limits for finite diagrams and colimits for all diagrams, where the equivalence sends an object C in C to a functor B → Set that sends the representable functor K(C)(T, −) to the set C(T, C).
Proof. See Corollary 1.2.5 and Proposition 2.1.8 in [Makkai and Paré, 1989] , or Theorem 2.26 in [LPAC] .
The topos B constructed in the Makkai-Paré theorem is, loosely speaking, a classifying topos for C.
[6] For instance, if C = Set, then B classifies objects; if C = sSet, then B classifies simplicial objects; and if C = [2, sSet], then B classifies morphisms between simplicial objects. In each case, B contains a universal instance of the kind of structure being classified, and this structure can be pulled back along a geometric morphism (with codomain B) to obtain a structure on the domain. Now, let B whe be classifying topos for weak homotopy equivalences and consider the universal weak homotopy equivalence u : A → B. This is a morphism between simplicial objects in B whe , and by theorem 3.2, we may identify B whe with a topos of the form [K, Set], where K is a small category. Since limits and colimits in [K, Set] are computed componentwise, it follows that components of u : A → B are weak homotopy equivalences of simplicial sets. We make the following definition:
[6] Strictly speaking, the notion of classifying topos is only defined for categories "parametrised"
by Grothendieck toposes, and these categories are not always determined by their realisation over Set. Nonetheless, for a finitely accessible category C, one can define the category of C-objects in any Grothendieck topos, and this is what B classifies.
Definition 3.3. An internal weak homotopy equivalence of simplicial objects in a Grothendieck topos S is a morphism f : X → Y in sS that is isomorphic to one of the form c * u : c * A → c * B for some geometric morphism c : S → B whe .
Remark 3.4. If S = Set, then an internal weak homotopy equivalence is just a weak homotopy equivalence in the usual sense, by theorem 3.2. If S = [C op , Set] for a small category C, then an internal weak homotopy equivalence is the same thing as a componentwise weak homotopy equivalence, because the evaluation functors [C op , Set] → Set preserve limits and colimits and are jointly conservative.
Lemma 3.5. Every internal weak homotopy equivalence of simplicial objects in a Grothendieck topos is also a Kan weak equivalence.
Proof. Since inverse image functors preserve Dugger-Isaksen weak equivalences and commute with Ex ∞ , they also preserve Kan weak equivalences; thus it suffices to prove the claim for the universal weak homotopy equivalence u : A → B in the classifying topos B whe .
By theorem 3.1 and theorem 3.2, B whe is a presheaf topos, so the class of internal weak homotopy equivalences of simplicial objects in B whe has the 2-out-of-3 property. In particular, Ex
is an internal weak homotopy equivalence of internal Kan complexes, hence also a DuggerIsaksen weak equivalence. Thus, u : A → B itself is a Kan weak equivalence, as required.
Proposition 3.6. For any simplicial object X is a Grothendieck topos S, the canonical embedding i ∞ X : X → Ex ∞ (X) is an internal weak homotopy equivalence (hence, a Kan weak equivalence).
Proof. Since inverse image functors preserve Kan weak equivalences, it suffices to prove the claim for the universal simplicial object in the classifying topos for simplicial objects. Let K be a small skeleton of the category of finite simplicial sets and let B ss = [K, Set] . It can be shown that B ss is the classifying topos for simplicial objects. Clearly, B ss is a topos with enough points, so the claim can be reduced to the case where S = Set, which is lemma 2.14. ♦ Corollary 3.7. For any simplicial object X is a σ-pretopos S, the canonical embedding i ∞ X : X → Ex ∞ (X) is a Kan weak equivalence.
Proof. Since the claim only involves a small family of objects and morphisms in S, we can replace S with a small σ-pretopos; and if S is a small σ-pretopos, we can embed it in the topos of sheaves for the σ-coherent topology, as in remark 2.11. Thus, it suffices to prove the claim in the case where S is a Grothendieck topos.
Proposition 3.8. Let S be a Grothendieck topos and let f : X → Y be a morphism in Kan(S). The following are equivalent:
(iii) f : X → Y is an internal weak homotopy equivalence.
Proof. (i) ⇔ (ii). This is remark 2.13.
(ii) ⇒ (iii). Consider the classifying topos B DI for Dugger-Isaksen weak equivalences of Kan complexes. It is a subtopos of the classifying topos for morphisms of simplicial objects, and the corresponding Grothendieck topology is generated by singletons. Thus, by Deligne's theorem on coherent toposes, [7] B DI is a topos with enough points. We can therefore reduce the claim to the case where S = Set, where it is known that Dugger-Isaksen weak equivalences are weak homotopy equivalences in the classical sense.
(iii) ⇒ (i). See lemma 3.5.
Next, we will show that the class of internal weak homotopy equivalences coincides with the class of Kan weak equivalences; for this we will need some technical results from topos theory. Proof. See Exercise 14 in [ML-M, Ch. VII] or Corollary 3.2.13 in [Johnstone, 2002a, Part B] .
Lemma 3.10. Let C and D be small categories. If F : C → D is a fully faithful functor, then:
(ii) The corresponding Grothendieck topology on D has the following property:
there is a unique minimal covering sieve on each object in D.
Proof. (i). The counit of pointwise right Kan extension along a fully faithful functor is a natural isomorphism: see Corollary 3 in [CWM, Ch. X, §3] . In particular, the direct image functor
(ii). See the remarks after Definition 2.2.18 in [Johnstone, 2002b, Part C] . Theorem 3.11 (Makkai-Reyes) . If (C, J ) is a separable site, i.e. C is a countable category with finite limits and J is a Grothendieck topology generated by countably many sieves, then the topos Sh(C, J) has enough points.
Proof. See Theorem 6.2.4 in [Makkai and Reyes, 1977] .
Lemma 3.12. Let (D, K) be a Grothendieck site, let C be a category, let F : C → D be a functor, and let J be the smallest Grothendieck topology on C such that F : C → D reflects covers.
[8] Then there is a bicategorical pullback diagram of the form below in the 2-category of Grothendieck toposes,
where
Proof. See the proof of Lemma 2.3.19 in [Johnstone, 2002b, Part C] . Proof. See Lemma 2.5.1 in [Johnstone, 2002a, Part C] .
Corollary 3.14. Let (D, K) be a Grothendieck site, let C be a category, let F : C → D be a functor, and let J be the smallest Grothendieck topology on C such that F : C → D reflects covers. Assume the following hypotheses:
• C is a countable category with finite limits.
• (D, K) is a separable site.
• F : C → D has a right adjoint, say G : D → C.
Then (C, J) is also a separable site.
Proof. By hypothesis, K is generated by a countable collection of sieves in D, say K 0 . Let J 0 be the collection of sieves in C that are generated by the image of some sieve that are in K 0 and let J 1 be the Grothendieck topology generated by J 0 . By lemma 3.13, J is the smallest Grothendieck topology on
[8] -i.e. if V is a K-covering sieve on F C, then its preimage is a J-covering sieve on C.
C such that G : D → C preserves covers; thus, every sieve that is in J 0 is J-covering, and therefore J 1 ⊆ J. We will show (by structural induction) that
is a morphism of sites; it then follows that J 1 = J. Suppose V is a K-covering sieve on D and g : D ′ → D is a morphism in D. Then the pullback sieve g * V is a K-covering sieve on D ′ . Moreover, D has pullbacks and G : D → C preserves pullbacks, so the sieve on GD ′ generated by the image of g * V is also the pullback along Gg : GD ′ → GD of the sieve generated by the image of V . Thus, the image of g * V generates a J 1 -covering sieve if the image of V generates a J 1 -covering sieve.
It is clear that G : D → C preserves multi-composition of sieves and is inclusion-preserving on sieves. Since K is the closure of K 0 under pullback, multi-composition, and upward inclusion, the above proves that the image of each K-covering sieve generates a J 1 -covering sieve, so we are done.
Proposition 3.15. The class of internal weak homotopy equivalences of simplicial objects in a Grothendieck topos S has the 2-out-of-3 property.
Proof. The proposition consists of three claims, and it suffices to verify each claim for the universal example in the appropriate classifying topos. Each of these classifying toposes admits a site of the form (C, J) where C is the opposite of the category of commutative triangles in the category of finite simplicial sets and J is a suitable Grothendieck topology.
For example, if we wished to show that the class of internal weak homotopy equivalences is closed under composition, J would be the smallest Grothendieck topology on C such that the functor F : C → D reflects covers, where D is the category of pairs of morphisms of finite simplicial sets, F : C → D sends a commutative triangle to the underlying composable pair, and D is equipped with the Grothendieck topology K such that Sh(D, K) is the classifying topos for pairs of weak homotopy equivalences of simplicial objects; then lemma 3.12 ensures that Sh(C, J) is the classifying topos for composable pairs of weak homotopy equivalences of simplicial objects. Moreover, F : C → D has a right adjoint, so by lemmas 3.9 and 3.10 and corollary 3.14, (C, J) is (equivalent to) a separable site. Thus, by theorem 3.11, the classifying toposes in question have enough points, and therefore the claims can be reduced to the case where S = Set. ♦ At last, we arrive at the main theorem of this section:
Theorem 3.16. A morphism of simplicial objects in a Grothendieck topos S is an internal weak homotopy equivalence if and only if it is a Kan weak equivalence.
Proof. The 'only if' direction was lemma 3.5; we will now prove the 'if' direction. 
where the horizontal arrows are internal weak homotopy equivalences by proposition 3.6; hence, applying propositions 3.8 and 3.15, we deduce that f : X → Y is indeed an internal weak homotopy equivalence.
Further properties
First, we will prove that an internal Kan fibration of simplicial objects in a σ-pretopos is an internal trivial Kan fibration if and only if it is a Kan weak equivalence. For this, we need one more technical lemma from topos theory:
Lemma 4.1. Let C be a small category and let J 0 and J 1 be Grothendieck topologies on C. If J 2 is the Grothendieck topology on C generated by the union of J 0 and J 1 , then we have the following bicategorical pullback diagram in the 2-category of Grothendieck toposes:
In particular, if (C, J 0 ) and (C, J 1 ) are separable sites, then so is (C, J 2 ).
Proof. Let J be any Grothendieck topology on C and let L : C → Sh(C, J) be the functor that sends an object C to the sheaf associated with the representable presheaf C(−, C). For any Grothendieck topos E, the functor that sends a geometric morphism x : E → Sh(C, J) to the functor x * L : C → E is fully faithful and essentially surjective onto the full subcategory of torsors C → E that send J-covering sieves in C to jointly epimorphic families in E, i.e. a site morphism (C, J) → (E, K) where K is the canonical topology on E.
[9] But it is clear that a torsor C → E sends J 0 -and J 1 -covering sieves in C to jointly epimorphic families in E if and only if it is a site morphism (C, J 2 ) → (E, K), so we are done.
[10]
[9] See Corollary 2 in [ML-M, Ch. VII, §10] or Corollary 2.3.9 in [Johnstone, 2002b, Part C] .
[10] Note that we are using the fact that the intersection of two full replete subcategories has the universal property of a bicategorical pullback: see Proposition 5.1.1 in [Makkai and Paré, 1989] .
Proposition 4.2. Let f : X → Y be a morphism of simplicial objects in a Grothendieck topos S. The following are equivalent:
(ii) f : X → Y is an internal Kan fibration and a Kan weak equivalence.
(iii) f : X → Y is an internal Kan fibration and an internal weak homotopy equivalence.
Proof. It suffices to verify each claim for the universal example in the appropriate classifying topos.
(i) ⇒ (ii). Let B t.fib be the classifying for trivial Kan fibrations. B t.fib is a subtopos of the classifying topos for morphisms of simplicial objects and corresponds to a Grothendieck topology generated by singletons, so by Deligne's theorem on coherent toposes, B t.fib has enough points. Thus, we may reduce the claim to the case where S = Set, which is well known.
[11]
(ii) ⇒ (iii). Use theorem 3.16.
(iii) ⇒ (i). Let B fib be the classifying topos for Kan fibrations. B fib is a subtopos of the classifying topos for morphisms of simplicial objects and corresponds to a Grothendieck topology generated by singletons, and by lemma 3.10, B whe corresponds to a Grothendieck topology generated by countably many sieves. Applying lemma 4.1 and theorem 3.11, we deduce that B fib ∩ B whe is a topos with enough points. Once again, we may reduce the claim to the case where S = Set, which is well known. ♦ Corollary 4.3. Let f : X → Y be a morphism of simplicial objects in a σ-pretopos. The following are equivalent:
Proof. Use the embedding theorem for σ-pretoposes (remark 2.11) to reduce to the case where S is a Grothendieck topos.
Next, we will show that Kan weak equivalences are well behaved with respect to pullbacks and pushouts.
Proposition 4.4. Let S be a σ-pretopos. Consider a pullback diagram in sS:
If p : X → Y is an internal Kan fibration and g : Y ′ → Y is a Kan weak equivalence, then f : X ′ → X is also a Kan weak equivalence.
Proof. By theorem 2.8, Ex ∞ : sS → Kan(S) preserves pullbacks and internal Kan fibrations, and by corollary 3.7, it preserves and reflects Kan weak equivalences. Thus, we may assume that X, Y, X ′ , Y ′ are all in Kan(S); but theorem 1.17 says Kan(S) is a category of fibrant objects, and the claim is known to be true in any category of fibrant objects.
[12]
Proposition 4.5. Let S be a Grothendieck topos. Consider a pushout diagram in sS:
X → Y is a monomorphism and f : X → X ′ is an internal weak homotopy equivalence, then g : Y → Y ′ is also an internal weak homotopy equivalence.
Proof. Let C be the opposite of the category of spans in the category of finite simplicial sets. It is not hard to see that [C op , Set] is the classifying topos for spans of simplicial objects. The classifying topos for monomorphisms of simplicial objects is also a presheaf topos (namely, the topos presheaves on the opposite of the category of monomorphisms of finite simplicial sets), so by applying lemma 3.10, corollary 3.14, and lemma 4.1, we deduce that there is a Grothendieck topology J such that (C, J) is a separable site and B = Sh(C, J) classifies spans where one leg is a monomorphism and the other leg is a weak homotopy equivalence. It suffices to prove the claim for the universal such span in B; but by theorem 3.11, B has enough points, so the claim is reduced to the case where S = Set, which is well known.
[13]
♦
[12] See Lemma 2 in [Brown, 1973, §4] Corollary 4.6. Let S be a σ-pretopos. Consider a pushout diagram in sS:
5 Local homotopy theory ¶ 5.1. Throughout this section, (C, J) is a small Grothendieck site. There is a well-known adjunction of the form below,
where the right adjoint j * is the inclusion and the left adjoint j * preserves finite limits.
[14] For brevity, we will write sPsh(C) for the category of simplicial presheaves on C.
Definition 5.2.
• A J-local epimorphism (resp. J-local isomorphism) of presheaves on C is a morphism f :
• A J-local Kan fibration (resp. J-local trivial Kan fibration, Jlocal weak homotopy equivalence) of simplicial presheaves on C is a morphism f : X → Y in sPsh(C) such that j * : j * X → j * Y is an internal Kan fibration (resp. internal trivial Kan fibration, internal weak homotopy equivalence) of simplicial objects in Sh(C, J).
• A J-locally fibrant simplicial presheaf is an object X in sPsh (C) such that j * X is an internal Kan complex in Sh(C, J).
The above definitions agree with other definitions found in the literature. To prove this, we require a well-known lemma: (ii) For each object C in C and each element y of Y (C), there exists a Jcovering sieve U on C such that, for each morphism u : U ′ → U that is in U, there is an element x u of X(C ′ ) such that f C ′ (x u ) = u * y.
(iii) For each object C in C and each element y of Y (C), if U is the sieve of morphisms u : C ′ → C in C for which there is an element x u of X(C ′ ) such that f C ′ (x u ) = u * y, then U is a J-covering sieve.
sense of Jardine if and only if it is a local weak equivalence in the sense of Dugger and Isaksen. Theorem 6.15 in says that a morphism f : X → Y in sPsh(C) is a local weak equivalence if and only if j * Ex ∞ (f ) : j * Ex ∞ (X) → j * Ex ∞ (Y ) is a Dugger-Isaksen weak equivalence (in the sense of definition 1.9) of internal Kan complexes in Sh(C, J ). Since j * preserves finite limits and all colimits, it commutes with Ex ∞ ; we thus conclude that local weak equivalences in the sense of Dugger and Isaksen are the same as J-local weak homotopy equivalences.
(iii). Local acyclic fibrations are (by definition) the same thing as local fibrations that are local weak equivalences. In view of (i) and (ii), it suffices to verify that a J-local trivial Kan fibration is precisely a J-local Kan fibration that is a J-local weak homotopy equivalence; but this is an immediate consequence of proposition 4.2.
Remark 5.5. It is worth emphasising that our J-local trivial Kan fibrations have a local lifting property by definition. We have therefore obtained a new proof of Proposition 7.2 in .
Remark 5.6. Since the adjunction counit j * j * ⇒ id Sh(C,J) is a natural isomorphism, the triangle identity implies the adjunction unit id [C op ,Set] ⇒ j * j * is a natural J-local isomorphism. In particular, for any simplicial presheaf X, the canonical morphism X → j * j * X is a J-local weak homotopy equivalence. Compare Lemma 2.6 in [Jardine, 1987] .
Remark 5.7. The class of J-local weak homotopy equivalences is closed under pullback along J-local fibrations, by proposition 4.4, and it is also closed under pushout along monomorphisms, by proposition 4.5. The latter fact can also be proved by using the fact that the cofibrations in Jardine's model structure are precisely the monomorphisms of simplicial presheaves.
We conclude with a new proof of an old result:
Theorem 5.8. The full subcategory W J of [2, sPsh(C)] spanned by the J-local weak homotopy equivalences is closed under filtered colimits and is an accessible category.
Proof. First, consider the full subcategory W of [2, sSh(C, J )] spanned by the internal weak homotopy equivalences. By definition, it is equivalent to the category of geometric morphisms Sh(C, J) → B whe , and such categories are known to be accessible.
[15] If we then identify geometric morphisms Sh(C, J) → B whe with torsors K op → Sh(C, J), where K is the category of weak equivalences of finite simplicial sets, it is straightforward to see that W is closed under filtered colimits as a subcategory of [2, sSh(C, J)].
[15] See Remark 2.3.12 in [Johnstone, 2002b, Part D] .
Since j * : [C op , Set] → Sh(C, J) is a left adjoint, the induced functor j * : [2, sPsh(C)] → [2, sSh(C, J)] is accessible. It is clear that W J is the preimage of W under j * , so it is closed under filtered colimits. Moreover, W is a full replete subcategory of [2, sSh(C, J)], so we may apply the pseudopullback theorem [16] to deduce that W J is also accessible.
